We prove non-existence of nontrivial uniformly subsonic inviscid irrotational flows around several classes of solid bodies with two protruding corners, in particular vertical and angled flat plates; horizontal plates are the only case where solutions exists. This fills the gap between classical results on bodies with a single protruding corner on one hand and recent work on bodies with three or more protruding corners.
Summary
Consider steady planar flow around a solid body. The force exerted by the fluid on the body is a crucial quantity for aero-and hydrodynamics. Particularly important are the case of smooth boundaries and the case of bodies with a single corner which is protruding, meaning the angle through the exterior is greater than 180 • so that the corner protrudes into the fluid, in contrast to the case of receding corners. In aerodynamics such a body idealizes a cross-section of an aircraft wing, with the corner representing the trailing edge.
The classical Kutta-Joukowsky theory models this situation with an incompressible irrotational inviscid fluid and a slip condition on the solid boundary. Given the velocity, there are infinitely many solutions, parametrized by circulation Γ, but only one of them satisfies the Kutta-Joukowsky condition, namely that the velocity is bounded at the corner. Calculating the resulting pressure forces yields a well-known formula for lift, component of the force perpendicular to the velocity at infinity. The formula is in reasonable agreement 1 with experimental data at least in some physical regimes.
The incompressible case requires looking for a harmonic stream function satisfying a zero Dirichlet boundary condition; the gradient rotated is the velocity. A natural Hilbert-space approach to such elliptic problems yields existence of solutions in spaces with locally square-integrable gradient. At receding corners such gradients are always bounded, but at protruding corners generally not, unless the problem data satisfies a single scalar real constraint 2 . Mathematically this is the crucial difference between the two types of corners.
The compressible subsonic case requires solving a nonlinear equation, which is far more difficult. Frankl and Keldysh [FK34] considered the lowMach limit; after seminal work of Morrey [Mor38] on the foundations of 2d nonlinear elliptic PDE, Shiffman [Shi52] , Bers [Ber54] and finally Finn and Gilbarg [FG57] were able to give a rather complete subsonic generalization of Kutta-Joukowsky theory.
In the incompressible case unbounded velocities are merely undesirable, but in the compressible case they are impossible, at least for common pressure laws such as polytropic with isentropic coefficient greater than one. To quote Finn and Gilbarg [FG57, p. 58 ]:
"Unlike the case of incompressible fluids, it appears very likely that in the theory of subsonic flows the Kutta-Joukowsky condition need not be imposed as an added hypothesis, but rather is a consequence of the subsonic character of the flow."
The fluid density reaches zero at a finite limit speed and has no sensible definition at higher speeds: fluid volumes moving to regions of ever lower pressure acquire only a finite velocity from acceleration by the pressure gradients. A closely related observation: fluid inside a piston expanding to near-vacuum can only perform a finite amount of mechanical work, or conversely, it takes only a finite amount of energy to compress a large quasivacuum volume of fluid to any positive finite density. (These properties are not immediately obvious; they are calculated from the pressure law under consideration and may be false for "exotic" pressure laws.)
Bodies with several protruding corners appear to have been studied mostly in the incompressible case, where conformal mapping techniques allow explicit solutions for a large variety of particular profiles; less attention has been paid to unbounded velocities since they are tolerated by since incompressible models. Starting from the prior work of Finn and Gilbarg and earlier authors, [Ell17] considers compressible flow around bounded simple polygons (which have at least three protruding corners), showing that there are no nontrivial 3 low-Mach number solutions, regardless of how the corner locations are chosen; since their coordinates provide ample free parameters, this non-existence may be a bit surprising on the surface. The proof works by reduction to the incompressible case, where it is shown that no solution has bounded velocity at every corner. This statement in turn is reduced to the utility graph theorem: the bipartite graph K 3,3 , with three vertices connected to each of three other vertices, does not have an embedding into the plane; the three corners represent one set of vertices while the other set corresponds to the region of positive streamfunction, the region of negative streamfunction and the body, at which the streamfunction is zero.
But the proof idea falls well short for profiles with two protruding corners, since planar embeddings of the K 2,3 graph are easy to find. Besides, nontrivial flows are easy to find, for example the horizontal plate ( fig. 1 center) . However, such examples should be considered "non-generic": given the profile, there is only one free real scalar parameter (circulation), but there are two separate real scalar constraints (from velocity boundedness at each corner); for "generic" profiles the problem appears overdetermined.
This heuristic argument is made precise in this article in several ways. We prove non-existence of nontrivial compressible uniformly subsonic flows for two (overlapping) classes: profiles where the corners are the points of maximal and minimal vertical coordinate of the body (Theorem 2), and profiles that are symmetric across the flow axis, with corners not on the axis (Theorem 1). These two theorems show non-existence for all non-horizontal flat plates, as well as many of the Kármán-Trefftz symmetric lenses.
Additional theorems covering more classes can be imagined, but it seems difficult to give a single criterion covering arbitrary profiles. For those we focus on the low-Mach case and prove (Theorem 4): if a profile does not admit nontrivial incompressible flows with bounded velocity, then nontrivial compressible flows with Mach numbers below a certain threshold do not exist either. The incompressible case is easier to check, for example by conformal mapping techniques; indeed they allow us to cover all remaining lens cases.
If irrotational subsonic inviscid flows do not exist, there are several alternatives. One option is to consider transonic solutions, e.g. supersonic bubbles at the solid, which are commonly observed at smooth outwardly curved boundary parts; protruding corners can be considered infinite-curvature limits. Transition to supersonic is less likely at low Mach numbers; besides, supersonic bubbles generally end in shock waves that produce vorticity (mathematically rigorous existence proofs for such bubbles are still a subject of ongoing research). Another option is that we may not converge to a steady state as time passes to infinity (consider the von Kármán vortex strait).
But the most obvious option is to consider that in reality vorticity is shed from solid surfaces; this is an important mechanism for generating drag in the low-viscosity low-Mach regime. Indeed [Ber62] has proven existence of subsonic flows around the vertical flat plate (to mention only one case), with vortex sheets emanating downstream from the endpoints. Hence we have examples of obstacles that do not admit irrotational subsonic flows, but do admit rotational ones. In this sense, solids with more than one protruding corner can produce vorticity even with slip boundary conditions and without any viscosity.
Previously the commonly accepted explanation of vorticity generation has been through the study of thin viscous boundary layers, by Prandtl [Pra24] and others. Prandtl's theory is certainly correct and provides more detailed insight; besides, it can explain vorticity generation and flow separation in the absence of corners. Simplicity is the main advantage of our alternate explanation: it does not require viscosity, non-slip boundary conditions, let alone details of boundary layers.
[Pra24] and others already observed that infinite velocities at protruding corners are physically unreasonable. Our contribution is mathematical rigor: some exceptional shapes do allow irrotational flows with velocity bounded at every corner; that a particular body is not exceptional requires proof and that there are no irrotational subsonic flows around the body requires an additional proof.
Background

Isentropic Euler
The isentropic Euler equations are
where v is velocity while pressure P =P (̺) is a strictly increasing function of density ̺. We only consider the polytropic pressure laŵ
with isentropic coefficient γ greater than 1. Assuming sufficient regularity the equations can be expanded into
Linearizing the equations around
and subtracting ∇· of the lower equation from ∂ t of the upper one yields
which is the linear wave equation with sound speed
(2) can be rewritten
where the enthalpy per mass p =p(̺) is defined (up to an additive constant) byp
Potential flow
Taking the curl of (3) eliminates ∇p, producing an equation for vorticity
Combined with (1) we obtain the transport equation
If ω = 0 at t = 0 (and ̺ > 0 throughout), then ω = 0 for all time. There are important reasons to consider nonzero vorticity, as we pointed out in the introduction; to demonstrate this, we explore consequences of assuming it is zero.
for a scalar velocity potential φ (which is locally defined and may be multivalued when extended to non-simply connected domains). Henceforth we focus on stationary flow:
Into the latter substitute (5) to obtain 4
This implies the Bernoulli relation for some maximal interval of |v| closed at its left endpoint 0; density ̺ reaches a maximum ̺ max at v = 0. Substituting (8) into (6) yields a second-order scalar differential equation for φ called compressible potential flow. After differentiation it is equivalent to 5
where c is a function of ̺, hence of v = ∇φ. The eigenvectors of the coefficient matrix I − (v/c) 2 are v and 6 v ⊥ , with eigenvalues 1 − M 2 and 1 where
is the Mach number. Hence (9) is elliptic in a given point if and only if
i.e. if and only if velocity |v| is below the speed of sound c; such flows are called subsonic.
A uniformly subsonic flow has M ≤ 1 − δ for some constant δ > 0 independent of x. Many classical results have been extended to the nonuniformly subsonic case, but in this article we prefer brevity over a slight improvement in generality.
Streamfunction formulation
We will need an alternative formulation of irrotational flow, which is obtained as follows: ∇ · (̺v) = 0 implies 7
for a scalar stream function ψ. v · ∇ψ = 0 means that (except in stagnation points, i.e. v = 0) the level sets of stream functions, called streamlines, are integral curves of v, i.e. macroscopic trajectories of the fluid particles. Consider the Bernoulli relation (7) in the form
5 with Frobenius product A : B = tr(A T B); note A : w 2 = w T Aw 6 ⊥ counterclockwise rotation by π/2 7 with ∇ ⊥ = (−∂y, ∂x)
and apply the implicit function theorem. At solutions (̺, µ) of (11) that are vacuum-free and subsonic, ∂F ∂µ = ̺ −2 > 0 and
so we obtain a solution
for a strictly increasing functionτ defined for µ in some maximal interval [0, µ 1 ] for some constant µ 1 ∈ ]0, ∞]; for |µ| = µ 1 the velocity is exactly sonic.
Having solved the mass and Bernoulli equations it remains to ensure irrotationality 8 :
Assuming sufficient additional regularity, differentiation yields after some calculation that
which has the same coefficient matrix as (9); again it is elliptic if and only if the flow is subsonic. The incompressible limit of (14) is obtained by (for example) considering sequences of solutions with velocities approaching 0, and hence (with fixed Bernoulli constant) sound speed converging to a positive constant. Correspondingly the "Mach number" of incompressible solutions is considered to be 0. In the limit we obtain 0 = −∆ψ 8 which is needed to recover the original velocity equation from the Bernoulli relation which is (13) withτ = const > 0. This can also be obtained (see e.g. [KM81] ) along similar lines as for compressible flow from the unsteady incompressible Euler equations
here ̺ = const, and p is not a function of ̺ but rather a separate unknown making the second equation divergence-free.
Incompressible potential flows correspond to harmonic functions; 2d harmonic functions are conveniently represented by holomorphic functions of a single variable. To this end it is customary to consider the complex velocity
as a function of
Hence w represents an incompressible and irrotational flow if and only if w is holomorphic. If so, it is convenient to use the complex velocity potential Φ = z w dz; the lower endpoint of the integral is fixed (changing it only adds a constant); the path does not matter locally since w is holomorphic, but for non-simply connected domains Φ may be multivalued (the simplest example being the point vortex Φ = 1 2πi log z which has multi-valued φ, but corresponds to the single-valued v = (2π) −1 |x| −2 (−y, x)).
is also holomorphic, satisfying Cauchy-Riemann equations
Slip condition
At solid boundaries we use the standard slip condition
where n is a normal to the solid. In the stream function formulation:
where s is a tangent to the solid. In the latter case integration along connected components of (say) a piecewise C 1 boundary yields
If the solid boundary has a single connected component, then we may add an arbitrary constant to ψ without changing v = −∇ ⊥ ψ to obtain the convenient zero Dirichlet condition
3 Assumptions, regularity and expansion at infinity
We assume that B, the solid body, is a bounded closed set with boundary ∂B a continuous curve composed of finitely many infinitely differentiable segments (for the sake of exposition; far less is needed); Ω = R 2 \B is the fluid domain.
We say x ∈ ∂B is a protruding corner ( fig. 1 left) if there is a circular sector S with radius ǫ > 0 centered in x covering an angle δ > π so that the interior of S is contained in Ω.
We consider ψ that are infinitely differentiable in Ω and also at smooth points of ∂B. This is no limitation: assume ψ is in the most general possible class of stream functions, namely ψ ∈ W 1,∞ (Ω) (the space of functions with distributional derivatives that are essentially bounded functions), satisfying
(which is equivalent to esssup Ω M < 1), and satisfying (13) in the distributional sense, i.e.
for every smooth function ϑ with compact support in Ω, as well as the slip condition 9 ψ = 0 on ∂B. In the compressible γ > 1 case this is the largest reasonable class; as discussed in the introduction ̺ is not defined if v, or equivalently ∇ψ, are unbounded. Morrey estimates show that ∇ψ is C 0,α in Ω, at C ∞ parts of the boundary and also "at infinity" (after mapping it to 0 by a change of coordinates a = x/|x| 2 ). Then Schauder estimates and bootstrapping improve the regularity to our assumptions (see [Mor38, Ber54, FG57] 
However, it appears that the case of two protruding corners --similar to the classical case of one -requires a deeper expansion (see [FG57, Section 4 and 5]; the expansion already appears in [Lud52, Ber54] and other works in varying degrees of detail and rigour):
where δ > 0 is small, v ∞ = (v x ∞ , 0) with v x ∞ ≥ 0 is the velocity at infinity, c ∞ the corresponding sound speed, M ∞ = |v ∞ |/c ∞ the Mach number and
the Prandtl-Glauert factor. This expansion is obtained using C 0,α regularity at infinity which permits Schauder estimates for a first-order elliptic system for ∇ x ψ in a coordinates. Interested readers can find the details in [FG57] , while others may wish to merely assume the expansion, or simply consider the incompressible case where taking M ∞ = 0 recovers the familiar Laurent expansion
We will need an expansion for ψ which does not seem to be given explicitly in the classical papers:
where O has O(|x| −1−δ ) gradient.
Proof. We expand the right-hand side of ∇ψ
= ̺v ⊥ as follows:
The right-hand sides without the O parts are the gradient of
integrating the O(|x| −1−δ ) term from some fixed point along some path toward infinity yields O(|x| −δ ) plus an integration constant.
Subsolution
The Laplace equation admits solutions ψ(r, θ) = r α sin(αθ) that satisfy a zero Dirichlet condition on rays at angles θ = 0 and Θ = π/α; protruding corners have Θ ∈ ]π, 2π[ so that α = π/Θ < 1 meaning ∇ψ ∼ r α−1 is unbounded. The Laplace operator can be used after showing that v → 0 at corners, but that is not necessary because subsolutions can be obtained for general operators:
Proposition 2. Consider a differential operator
that is uniformly elliptic on a sector {θ 0 < θ < θ 1 , 0 < r < r} (with r > 0, θ 1 − θ 0 ≤ 2π) in polar coordinates (r, θ). If the sector angle θ 1 − θ 0 is greater than π, then there exists a subsolution ψ which is C 2 in the sector and continuous on its closure with Lψ ≤ 0 in the sector, and
so that ψ ≥ r 1−ǫ on some ray {θ = θ + , 0 ≤ r ≤ r} (22)
for some constants ǫ ∈ ]0, 1[ and θ + ∈ ]θ 0 , θ 1 [.
Proof. Ansatz:
ψ(r, θ) = r 1−ǫ u(θ).
and same at other θ if the A coefficients are rotated accordingly. To satisfy the inequality it is sufficient to solve u + u θθ = 1 and then take ǫ > 0 small, using |a xx |, |a xy | ≤ Ca yy for some constant C < ∞, by uniform ellipticity. The solutions are
where a ≥ 0 is the amplitude and θ + the location of the maximum; the zeros on each side are at a distance arccos −1 a = π − arccos 1 a which, as a ranges from 1 to ∞, ranges from π to arbitrarily close to but larger than π/2. Hence with θ + = 1 2 (θ 0 + θ 1 ) we can satisfy (21) and (22).
Proposition 3. A protruding corner x does not have a neighbourhood U so that ψ ≥ 0 (or ψ ≤ 0) in U ∩ Ω. More generally, if someψ ∈ C 2 (Ω) ∩ W 1,∞ (Ω) solves A(x) : ∇ 2ψ = 0 in U ∩Ω for bounded and uniformly positive definite A, as well asψ = 0 in the corner, thenψ ≥ 0 on U ∩ Ω means ∇ψ is not bounded.
Proof. Assume otherwise. We may choose U to be a ball {0 < r < r} (with r > 0 and polar coordinates (r, θ) centered in x) so that there is -by definition of "protruding corner" -a sector {θ 0 < θ < θ 1 , 0 < r < r} with angle θ 1 − θ 0 greater than π.ψ ≥ 0 and A : ∇ 2ψ = 0 impliesψ > 0 in the interior of the sector, by the strong maximum principle. We may shrink the sector slightly so thatψ > 0 on its closure, while keeping θ 1 − θ 0 > π and r > 0.
By Proposition 2 we can pick a ψ so that for any scalar ι > 0 we have −A : ∇ 2 (ιψ) ≤ 0 ≤ −A : ∇ 2ψ in the sector and ιψ ≤ 0 ≤ψ on its radii. Moreoverψ > 0 on the compact arc {θ 0 ≤ θ ≤ θ 1 , r = r} where ψ andψ are continuous, so by taking ι > 0 sufficiently small we have ιψ ≤ψ there. But then ιψ ≤ψ on the entire sector boundary, so by the comparison principle ιψ ≤ψ in the entire sector, in particularψ ≥ ιr 1−ǫ on some ray, which is not possible if ∇ψ is bounded andψ = 0 in the corner.
For later use we recall the following classical uniqueness results (see [FG57, section 6] ). They are also well-known for incompressible flow and the reader may wish to skip them in a first pass. Proof. Assume there is such a flow ψ. We may apply the symmetry transformation
which does not change ∂B and preserves ψ = 0 there, whereas
and therefore, using ̺ =p −1 (|∇ψ|) and (v x , v y ) = ̺ −1 (ψ y , −ψ x ),
Hence v ∞ is unchanged, so the new ψ is another uniformly subsonic flow around the same body. By Proposition 5 there is at most one 10 such flow, which is therefore symmetric under the transformation above, in particular ψ = 0 on the horizontal axis. By symmetry there are protruding corners on both sides of the axis, so since by Proposition 3 there are points with ψ < 0 arbitrarily close to each protruding corner, such points occur on both sides of the axis. But the entire horizontal axis has only points either inside the body or with ψ = 0. Hence {ψ < 0} is disconnected, which we disprove as follows:
By (19) ψ y = ̺ ∞ v x ∞ + o(1) > 0 near infinity, and ψ = 0 on the horizontal axis, so the neighbourhood {|x| ≥ R} of infinity with R > 0 sufficiently large has a half above the axis where ψ > 0 and a half below the axis where ψ < 0. Hence there can be only one unbounded connected component of {ψ < 0}. If {ψ < 0} had a bounded connected component, then its closure would have ψ = 0 on the boundary, but a negative value in its interior, so that a minimum is attained in the interior, contradicting the strong maximum principle for (14). Hence {ψ < 0} is connected, a contradiction that completes the proof.
Example 6. The vertical flat plate ( fig. 2 left) satisfies the conditions of Theorem 1, as does the profile with slightly sunken corners in fig. 2 right. The horizontal flat plate, for which flows with nonzero v x ∞ exists, satisfies all conditions except that the corners are on the axis.
Nonexistence for extremal y corners
Plates at other angles do not have the symmetry required in the previous section, but they can be discussed using another approach.
Theorem 2. Assume B is not contained in a horizontal line. Assume it has two protruding corners that are the lowest and highest point of B. Then no nontrivial uniformly subsonic flow exists, nor nontrivial incompressible flow with bounded v.
Then ∇ 2 ψ ∞ = 0, soψ also satisfies
By the strong maximum principleψ cannot attain extrema in the set Ω of fluid points. ψ = 0 on ∂B meansψ = ψ ∞ = ̺ ∞ v x ∞ y there, and ̺ ∞ v x ∞ > 0, so since the protruding corners maximize resp. minimize y over ∂B, they do the same forψ.
At infinity, the expansion (19) yields that
where c 1 , c 0 are some constants. log(x 2 +β 2 y 2 ) is positive and dominant near infinity. If c 1 > 0, thenψ → +∞ at infinity, soψ attains its minimum over Ω at the corner whereψ is smaller. After subtracting the minimum value fromψ we haveψ = 0 in the corner,ψ ≥ 0 on ∂B and hence a contradiction to Proposition 3. Similarly c 1 < 0 is excluded since it implies a global maximum ofψ in the upper corner. Thereforeψ converges to c 0 at infinity. But then we may repeat the same argument to obtain a contradiction.
Since non-horizontal flat plates ( fig. 1 right) have two protruding corners in which the y maxima and minima over the plate are attained, Theorem 2 immediately yields: This theorem shows the behaviour suggested in the introduction: for two protruding corners, a single parameter Γ has to satisfy two constraints; that can be expected only in special cases, namely zero angle of attack.
Nonexistence for low Mach numbers
Theorem 2 covers all nonhorizontal plates but does not apply to the profile in Figure 2 right, which is covered by Theorem 1 which could only handle vertical plates. These theorems were proven by a combination of topological arguments and maximum principles. Of course many further arguments along these lines are conceivable, but it seems that any number of them would cover some partially overlapping families of profiles while leaving other profiles uncovered.
For incompressible flow the non-existence of flows with bounded velocity is easier to decide due to an arsenal of complex analysis techniques. It is natural to extend these results to small-Mach compressible flows by linearizing the latter. Instead of a potentially cumbersome implicit function theorem approach We give a rather short compactness argument based on Morrey estimates. Proof. Assume there is a sequence (ψ n ) of nontrivial compressible flows with sup Ω M n ց 0. On one hand, at infinity ̺ n v n converges to ̺ n ∞ v n ∞ , by our definition a nonzero vector pointing exactly eastward. On the other hand B cannot be contained in a horizontal line (else v = const = v ∞ = 0 would be a nontrivial incompressible flow around it), so ∂B must (be smooth and) have non-horizontal tangent in some point, where the slip condition requires ̺ n v n to to be tangential, hence (zero 11 or) n-uniformly not eastward. Therefore the diameter of the set of values {̺ n v n } is at least comparable to |̺ n ∞ v n ∞ |, n-uniformly. Hence with
we obtain that {∇ψ n } has diameter 1 but is also n-uniformly bounded.
Since ψ n also satisfies the planar uniformly elliptic PDE
Morrey estimates ( [Mor38, Ella] , [GT83, chapter 12]) yield that ∇ψ n is nuniformly C α locally uniformly in Ω ∪ {∞}. C α is compactly embedded in C 0 , so we may restrict to a subsequence so that (ψ n ) and (∇ψ n ) converge in C 0 locally in Ω ∪ {∞}, and same for ̺ n which is a smooth function of ∇ψ n , and from
convergence in the distributional sense yields the incompressible limit
with constant ̺ max > 0. Moreover since ∇ψ n is n-uniformly bounded, and since the boundary is piecewise C ∞ , the slip condition ψ = 0 is inherited from ψ n .
Hence ψ is an incompressible flow around B, and also nontrivial since the limit inherits diam{∇ψ} = 1. Contradiction.
Example 7. As an application of Theorem 4 we consider symmetric lenses ( fig. 3 ) which arise as a special case of Kármán-Trefftz profiles, which we recall here:
The complex potential
We did not require corners to have exterior angle < 2π, else we could simply obtain v n = 0 in some point at the body. (log branch cut just below the negative real axis) satisfies the slip condition ImΦ = 0 on the unit circle. By rotational invariance we may conveniently rotate v ∞ instead of the body, considering w ∞ = |w ∞ | exp(iβ), where
] is the flow angle at infinity. The idea of the Kármán-Trefftz transformation is to compose with a conformal map that deforms the circle into profiles with corners. To create corners of prescribed angle, it is natural to use fractional powers z → z ν (same branch cut). They are conformal at ±1, but deform angles at 0, ∞; we want the opposite, so we first apply the map h(z) :=z + 1 z − 1 = 1 + 1/z 1 − 1/z which swaps ±1 with 0, ∞. Define
The image of the unit circle under f is a "symmetric lens" with corners z = 1 = f (1) and z = −1 = f (−1) of exterior (fluid) corner angle νπ, with horizontal flat plate (ν = 2) and unit circle (ν = 1) as special cases. We consider ν ∈ ]1, 2], i.e. protruding corners. Since h is its own inverse, we get For horizontal lenses we can exploit symmetry by putting a slip-condition straight wall onto the horizontal axis, obtaining an elliptic problem in the upper halfplane, with all fluid-side corner angles smaller than π, crucially yielding Hölder-continuous corner gradients in case of Dirichlet boundary conditions (see [Lie88, Gri85, MP84] for unique solvability of the linearization in weighted Hölder spaces and a priori estimates). However, some particular unsymmetric profiles should also admit proofs of existence; that would require a more careful analysis of the corner constraints and their relationship to circulation and angle of attack.
